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Effects of Mode Interaction on 
Collapse of Short, Imperfect, Thin-
Walled Columns 
The present paper deals with the design of beneficial geometric imperfections of 
short, thin-walled columns in order to maximize their energy absorption. The in­
vestigation was motivated by the experimental finding that under axial compressive 
load, the symmetric mode (which has a higher buckling load than the an­
tisymmetric mode) actually has a much higher energy absorption than the an­
tisymmetric mode as measured by the area under the curve of applied load versus 
end-shortening curve. Thus, an attempt is made to introduce imperfections in the 
beneficial symmetric mode so that the mode shapes of extremely large deflection in 
plastic collapse will also be of the symmetric type. The two-mode stability problem 
is studied using Koiter 's theory of elastic stability. 

1 Introduction 
Crashworthiness of thin-walled structures has become one 

of the most important and challenging applied mechanics 
problems due to the fact that extremely large deformation is a 
complex mathematical problem. Moreover, it has found 
increasingly widespread applications in aerospace, 
mechanical, and ocean engineering structures. One of the 
most commonly encountered structural problems is the 
crushing of short, thin-walled columns under axial load. The 
dominant modes are the symmetric and the antisymmetric 
buckling modes of angled columns (see Fig. 1 and references 
[1-4]. The influence of initial geometric imperfections on the 
initial postbuckling behavior of such structures and their 
effects on the crushing of thin-walled structures are not well 
established. The present study is motivated by experimental 
investigations [1] which found that the symmetric mode of an 
angle-column has a much higher energy absorption than the 
antisymmetric mode as measured by the area under the load 
versus end-shortening curve for extremely large deflection (of 
the order of the length of the structure). An attempt is made 
to introduce the geometric imperfections in the "beneficial" 
symmetric mode so that the structure will follow the 
equilibrium paths of this mode in the initial postbuckling 
regime as well as in the regime of large deflection and 
crushing of the structure. 

Previous investigations on the interaction between the Euler 
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mode (one axial half wave) and the local mode (at least several 
axial half waves) of thin-walled columns was investigated by 
Van der Neut [5, 6], Koiter and Kuiken [7], and Byskov [8]. 
Related studies on the postbuckling behavior of thin-walled 
columns were also studied by Graves Smith [9, 10], and 
Grimaldi and Pignataro [11]. However, the mode interactions 
of short, angle-shaped, thin-walled columns where the two 
competing modes have the same axial wavelength (Euler 
modes) have not been investigated. Thus, it is of interest to 
study the initial postbuckling behavior of geometrically 
imperfect columns. In contrast to all the foregoing studies, 
the present ultimate goal is not to design a structure with high 
buckling load and low imperfection-sensitivity; rather, the 
objective is to design a structure with high energy absorption. 
Thus, an attempt is made to introduce a "beneficial" 
geometric imperfection of specified magnitude in the shape of 
the "symmetric mode" so that the structure will follow the 
equilibrium path of this mode in the initial postbuckling as 
well as in the very large deflection regimes, leading to the 
plastic collapse of the structure. Early experimental results on 
these angled structures are reported by Bridget, Jerome, and 
Vossler [12]. 

The present paper aims to examine the effects of geometric 
imperfections on the initial postbuckling behavior of short, 
angle-shaped, thin-walled columns under longitudinal 
compression. The loaded edges are assumed to be simply 
supported and one of the two longitudinal edges is free. The 
remaining longitudinal edge may be either simply supported 
(antisymmetric mode) or clamped (symmetric mode). Koiter's 
theory of multimode postbuckling [13, 14] is used to study the 
interaction between these two modes. The analysis is based on 
a solution of the nonlinear von Karman differential equations 
for plates valid for moderately large deflections. To compute 
the postbuckling coefficients, it is necessary to solve the 
eigenvalue problem (for the buckling loads and buckling 
modes of these two modes) and three uncoupled linear 
boundary-value problems for the second-order fields. Based 
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ANTI-SYMMETRIC MODE 

displacement W and a stress function F, valid for moderately 
large deflection, are 

{D)(W,XXXX+W, YYYY+2W,XXYY) — F,yyW,xx 

+ F,xx W, YY-2F<XY W,XY 

[l/(Eh)](FtXXXX +F, YYYY + 1F,XXYY) 

(1) 

(2) = {W,XY)2-W,xxW,yy 

where D is the flexural rigidity, E is Young's modulus, h is the 
plate thickness, and X and Y are the longitudinal and trans­
verse in-plane coordinates. Introducing the nondimensional 
quantities (B is the width of the plate, c = [3(1 - v2)]U2 and v 
is Poisson's ratio) 

w=W/h, f=2cF/(Ehi), (x,y) = (X,Y) (1/B) 

the governing differential equations become 

(3) 

lyyyy ' ^^ixxyy 

= (2c)[f,yyw,xx 

Jixxxx 'J'yyyy ' A/>xxyy 

ij>xx ">yy A/ixy ",Xy\ (4) 

(5) = (2c)[(W,xy)
2 -W,xxW,yy] 

The plate is simply supported at the two loaded edges x = 0 
and x=L/B where L is the length of the plate (see Fig. 1). 
Further, it is free at the edgey = 1 so that 

w,yy(x,y=l) + vw,xx(x,y=l) = 0 (6) 

w,yyy (x,y = 1) + (2 - v) w,xxy (x,y = 1) = 0 

Two types of boundary conditions at the intersecting edge 
y = 0 are considered (Fig. 1): simply supported (i.e., an­
tisymmetric mode) and clamped (i.e., symmetric mode). 
Finally, the stress resultants are related to the stress function 
by 

Nr=F, Ny=F,xx, Nr, ,yy, ny—i-,XX, '^xy—~F'XY ( 7 ) 

and the in-plane boundary conditions will be examined 
subsequently. 

Within the context of Koiter's theory of elastic stability 
[13], the out-of-plane displacement and the stress function for 
the two-mode stability problem are sought in the form (^ and 
£2 are the amplitudes of the antisymmetric and symmetric 
modes, respectively) 

w = 0 + (£iw, +J 2 w 2 ) + (^1
2H'11 +^ 2

2w 2 2+2^^ 2 iv 1 2) = wc + w// 

(8) 

/ = / o + « i / i + h / 2 ) + (£i2/„ +£ 2
2 /22+2£ 1 £ 2 / 1 2 )= /o+/ c +/ / , 

It will be shown in subsequent sections that for the present 

problem 

/ i = / 2 = 0 and w,, =w22 = w 1 2=0 (9) 

SYMMETRIC MODE 
Fig. 1 Antisymmetric (simply supported at Y = 0) and symmetric 
(clamped at Y = 0) buckling modes of angled columns 

on these postbuckling coefficients, the appropriate 
equilibrium paths of imperfect columns are plotted for 
Poisson's ratio of 0.3 and aspect ratio between 0.5 and 2.0. It 
is found that it is possible to design "beneficial" geometric 
imperfections so that the structure will follow the equilibrium 
paths of the symmetric mode in the large deflection regime. 

2 Governing Differential Equations 

The von Karman nonlinear equilibrium and compatibility 
equations for plates written in terms of an out-of-plane 

3 Classical Buckling Load 

For a rectangular plate uniformly compressed in the 
longitudinal direction, buckling occurs with zero in-plane 
displacements. The differential equation for buckling is 

w,xxxx + w,yyyy+2w,xxyy+ (TT2(J)W,XX = 0 (lOcr) 

where (a is the axial stress per unit cross-sectional area, 
positive for compression, and f0 is the prebuckling stress 
function) 

ff=/c(Timoshenko) = ohB2/(TC2D) = ( -2c/ i r 2 ) / 0 , w (106) 

Antisymmetric Mode (Simply Supported at ^ = 0). The 
solution that satisfies the simply supported condition at the 
two loaded edges is 

wl{x,y)=wx(y) sin(M,x) (11) 
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where Ml=ml B/L and m { is the number of axial half waves. 
Thus, the ordinary homogeneous differential equation is 

w, (y),yyyy-2Mi
2wl(y),yy+(M1

4-v2oMl
2)wl (y) =0 (12) 

The solution that satisfies the simply supported boundary 
condition at y = 0 is [15] 

w, (y) = ( £ , )H , sinh(c^) +fl, sin(rf,»] (13) 

Substituting the buckling mode into the differential equation, 
the real positive quantities c, and dl are found to be functions 
of the applied load in the form 

c, =[M,2 + 7rM](T
1/2]1/2, d{ = [ - M , 2 + 7rM1ff

1/2]1/2 (14) 

where a > (M^/ir2) = (m{B/L)2. Further, by defining 
w, (y=l ) = £i, the quantity J, can be considered as the 
amplitude of the antisymmetric buckling mode at the middle 
of the free edge normalized with respect to the plate thickness. 
Substituting w, (x,y) into the two boundary conditions at the 
free edge y = 1, one obtains 

(c,2 - i/M,2)[sinh(c,)]A, + (dx
2 + J>M,2)[ - sin(rf, )]£, = 0 

(15) 
(c1)[c ,2-(2- . )M1

2][cosh(c1)M1 

+ (dl)ldi
2+(2-p)Ml

2][-cos(dl))B1=0 

Since the first principal minor is always positive, the condition 
for buckling is that the determinant should vanish, that is 
(using c2 - d2 = 2M,2), 

( - cf, )(c,2 - yM,2)2tanh(c,) + (c, )(tf,2 + I-M1
2)2tan(rf1) = 0 

(16) 

Symmetric Mode (Clamped at y = 0). Similarly, the 
symmetric mode that satisfies the boundary conditions at the 
loaded edges x = 0 and x=L/B and at the intersecting edge 
y = 0 can be written in the separable form w2(x,y) = w2(y) 
sin(M2x) whereM2 = m2irB/L and 

w2(y) = (Z2)\A2[cos(d2y) -cosh(c2^)] 

+ fl2[sin(rf2.y) - (rf2/c2)sinh(c2^)]] (17) 

In the foregoing, the positive real quantities c2 and d2 are 
obtained by replacing Mx by M2 in equations (14). By im­
posing w2(y= 1) = £2, the quantity £2 is the amplitude of the 
symmetric mode at the middle of the free edge normalized 
with respect to the plate thickness. The two boundary con­
ditions at the free edge.y = 1 yield (using c2 - d2 = 2M2

2) 

[ - T cos(d2) - S cosh(c2 )}A 2 

- [T sin(rf2) + (d2/c2)S. sinh(c2)]B2 = 0 
(18) 

[Srf2sin(tf2)-7c2sinh (c2)]A2 

- [Sd2 cos(rf2) + Td2 cosh (c2)]B2 = 0 

where S = c2 - vM2 and T = d2 + vM2 . The vanishing of 
the determinant yields (one should also check the vanishing of 
the first principal minor) 

275 + (S2 + 7*)cos(d2) cosh(c2) 

= [(.c2
2l* -d2

2S2)/(c2d2)]sm(d2) sinh(c2) (19) 

4 Second-Order Fields 

Within the context of Koiter's theory of elastic stability, the 
postbuckling behavior requires the computation of the 
second-order fields w„ and f„ in addition to the buckling 
mode wc a n d / c . Since fc = 0, the differential equation for 
Wu is identical to that for wc so that w„ is identically zero due 
to the orthogonality requirement between wc and w„. The 
differential equation for the stress function/// is 

fll.xxxx +fll,yyyy + Zfll.xxyy 

= (2c) [(wc<xy)
2 - wCiXXwCt)ly] (20) 

Substituting wc = wx (x,y) into equation (20), the dif­
ferential equation for fn which corresponds to the an­
tisymmetric mode is 

ftl,xxxx+fl i ,yyyy 1 ,x.\yy 

= ( C M I
2 ) | H - , 0 ' ) , / + W1 (y)Wi (y),yy 

+ [wiOj. 2 - Wi (y) Wi (y),yy]cos(2Mlx)^ (21) 

Thus, the solution is of the separable form 

/ i i (x,y) = / „ (y) +f$ (y) COS(2M, X) (22) 

The ordinary differential equation for lhtfa (y) problem is 

fa 0 0 . , , , , = (cM,2)[w, (y) ,2 + w, O) w, (y ) w ] (23) 

while for the/^ (j>) problem, one obtains 

h 0 0 'yyyy ~ ( S M , 2 ^ (y),yy + (16M,4)/,, (>) 

= (cM,2)[Wl (y).,2 - w, 00 w, (j/) w ] (24) 

The in-plane boundary conditions at the free edge are 
Nxy (y = 1) = 0 and Ny (y = 1) = 0; that is, 

/ f t , O - = l ) = 0, fli(y=l) = 0 (25) 

Furthermore, there is no in-plane longitudinal shear at the 
intersecting edge y = 0 due to symmetry; that is, 
Nxy (y = 0) = 0, which implies 

From symmetry considerations, the in-plane displacement in 
the y direction, V, vanishes at the intersecting edge y = 0. 
Since Kis related to Wand Fby [16, 17] 
{-Eh)(V,xx+WtXXW,Y) = (F,YY),Y-v(F,xx),Y 

+ {2 + 2v)(F,XY),x (27) 

The foregoing boundary conditions imply 

Ayyyty = 0) = 0, fa.yyy 0» = 0) = 0 (28) 

At the two loaded edges x = Q and x = L/B, it can be seen 
that the no shear condition Nxy =0 is satisfied exactly by the 
separable form of the stress function. Imposing the condition 
that the average second-order longitudinal stress is zero at the 
loaded edge, one obtains 

Lo ifa (y) '*»+fii (y) w]dy=° (29) 

Furthermore, integrating both sides of the differential 
equation for / a (y) twice, one obtains 

fa(y),yy=(cM,2/2)wx(y)2+ca (30) 

where the constant of integration ca is found from equation 
(29) to be 

ca=-cMl
2Hl/2 and Hl=[ w{(y)2 dy (31) 

It will be shown that it is not necessary to compute/„ (y) nor 
fa(y)>y since the postbuckling coefficient depends only on 
fa(y) 

Closed-form solution for thefp (y) problem is sought as the 
sum of a particular solution and a homogeneous solution in 
the form 

fa(y)=Pfl(y)+Hli(y) (32) 

where 

P»(y)=e0+ei sin(rf^) sinh(c,j) 

+ e2 cos(dxy) cosh(c1.y) 
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HB (y) = (s1, +ys2) exp(2M{y) 

+ (s3+ys4) exp(-2M{y) (33) 

Substituting the solution form into equation (24), the con­
stants e0, e\, and e2 which satisfy the differential equation 
exactly are 

e0 = (Al
2cl

2 +Bl
2dl

2)c/(16Ml
2). 

and ex and e2 can be determined from 

E2\ E2: e2 

(34) 

(35) 

In the foregoing, 

(El,E2) = (cM2)(AlB])[dl
2-cl

2,2cldl] 

En=E22 = (cf+dl
4-6c2dl

2) 

-(8M,2)(c, -d,2) + 16M,4 (36) 

Ei2 = (-\)E2l=(4cidl
3-4cl

3dl)+l6cldlMl 

Finally, the constants 5,, s2, S3, and s4, which enable the total 
solution P& (y) + HB (y) to satisfy the boundary conditions 
exactly, can be computed from 

P+Q 

(2MX)(P-Q) 

-

. 2, 

-P + Q 

-(l+2Ml)P+(l-2Mi)Q 

Z3-(Z5+Z6)P 

-P[2MlZ5+(l+2M)Z6) 

' S3 

S4 

(37) 

where 

P=exp(2M,), Q = exp( - 2M,) 

and 

Z t = -Pa,> (y = 0), Z2 = -Pa,m (y = 0) 

Zi = -Pp{y=l), Z4=-Pa,y(y=l) 

Z5 = [3Z,/(4M1)]-[Z2/(16M,3)] 

Z6 = [Z 2 / (8M, 2 ) ] - (Z, /2) 

The constants st and s2 can be determined from 

S i = s 3 + Z 5 , s2=-s4 + Z6 (39) 

Similarly, the stress function f22(x,y), which corresponds to 

(38) 

the symmetric mode, can be expressed in the separable form 

fn(x,y) =fa (y) +fb (y) cos(2M2x) (40) 
The quantity/„ (y) ,yy is found to be 

fa(y),yy=(cM2
2/2)W2(y)2+Ca (41) 

where 

ca=-cM2
2H2/2 and H2=\ w2(y)2 dy (42) 

The differential equation and the boundary conditions for 
fb(y) are identical to that presented for fs (y) by replacing 
fa (y). w, 0 ) , and M, by/fc (y), w2 (y), and M2 , respectively. 
Again, exact solution for.4 (y) is sought in the form 

f„(y)=Pb(y)+Hb(y) (43) 

where Hb (y) and Ha (y) have the same form and 

Pb(y)=k0 + kl s\n(d2y) sinh(c2;>>) 

+ k2 cos(d2y) cosh(c2j) 

+ k3 sin(d2.y) cosh(c2.y) 

+ k4 cos(d2y) sinh(c2.y) 

The constant ka is found to be 

k0 = [(d2
2 -c2

2)(A2)
2 +2d2

2(B2)
2]£/(l6M2

2) 

and ku k2, k3, and k4 can be obtained from 

(44) 

(45) 

Rt 

R, 

R, 

R* 

* i 

k2 

= (cM2
2) 

2c2d2A2
2 + [c2d2 - (d2

3/c2)]B2 

-2d2
2B2

2-(d2
2-c2

2)(A2)
2 

k3 

k4 

R\\ Rn 

Ri\ Rn 

~d2
2+c2

2 

^c2d2-(d2
i/c2) 

where 

Rn=R22=c2*+d2
4-6c2

2d2
2 

= (cM2
2)(A2B2) 

(46) 

-(8M2
2)(c2

2-tf2
2) + 16M2

4 

(47) 
R12 = (-l)R21 =4c2d2* -4c2

3d2 + 16c2d2M2
2 

The constants su s2, s3, and s4 for the homogeneous solution 
Hb (y) can be obtained from equations (37)-(39) by replacing 
Mx and Pe (y) byM2 and Pb(y), respectively. 

Finally, the compatibility equation for the second-order 
stress function / 1 2 , which corresponds to the interaction 
between the antisymmetric and the symmetric mode, is 

Jl2,xxxx ~T~J\2,yyyy ~r Af\2,xxyy 
(48) 

= (C) [2wliXyW2lX, ~ V>\,XXW2,yy ~ V\,yy^2,xx\ 

The solution f\2(x,y) can be written in the separable form 
(letting Mx = M2 = M which is valid only for short columns 
LIB < 2.3) 

fn(x,y) =fA (y) +fB (y) cos(2Mr) (49) 

In a similar manner, one obtains 

fA(y),yy=(cM2/2)w1(y)w2(y)+cA 

where 

cA = -cM2Hi/2 and H3=\ w, (y)w2(y) dy (50) 

The differential equation for/ f l (y) is 

fB (y) ,yyyy ~ (Z^VB 0 0 ,yy + (^M*)fB 0 0 

= (M2)[2wl(y),yw2(y),y-wl(y)w2(y),yy 

-wi(y),yyw2(y)] (51) 

and the boundary conditions for / B (y) are identical to those 
applicable fox fB(y) presented earlier. Closed-form solution 
for/ f l (y) is obtained in the form 

fB(y)=PB(y)+HB(y) (52) 

where HB(y) has the same form as Ha(y) and the exact 
solution for PB (y) is 

PB(y)=a{ cosh(c1.y) sin(d2y)+a2 sinh(c^) cos(c?2^) 

+ a3 cosh(ci^) cos(d2.y)+a4 sinh(C].y) sin(d2y) 

+ a5 c o s h ^ ^ ) sinh(c2.y)+a6 sinhfo.y) cosh(c2j) 
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Fig. 2 Antisymmetric and symmetric buckling loads versus the aspect 
ratio for Poisson's ratio of 0.3 

+ a7 coshO:^) cosh(c27) +a 8 smh(cty) sinh(c2y) 

+ «9 cos(d1.)') sm(d2y) +ai0 sin{diy) cos(d2y) 

+ au cos(rf^) cos(d2y)+a]2 sm(d,y) sin(tf2j<) (53) 

+ ai3 cos(dly)sinh(c2y)+alti s in^ .y) cosh(c2.y) 

+ a15 cos(rf1.y) cosh(c2y)+al6 sin(e?i.y) sinh(c2y) 

For brevity, the lengthy expressions for the coefficients 
aua2, . . .al6 and s{, . . , j 4 will not be shown here. The 
solutionsfp (y), fb (y), andfB (y) are verified independently 
by discretizing the differential equations using a central finite 
difference scheme with 101 integration points from _y = 0 to 
y=\. 

5 Postbuckling Behavior 

For a plate, the cubic terms of the potential energy vanish 
identically so that the potential energy of the present two-
mode stability problem is [13] 

P.E.= '. = ((C4of.4 + Co4f24 + C22£1
2£2

2) + (C31£1
3£2 + C13£,£2

3) 

+ (D,/2)[1 - (a /a , ) ] ? , 2 +(D2/2)[1 -(a/a2)]£2
2 

-(a/<T,)f ,£,A - (a/a2)£2£2Z>2]. constant (54) 

In the foregoing, a, and a2 are the classical buckling load (of 
the perfect system) of the antisymmetric and symmetric 
modes and £, and £2 are the amplitudes of the geometric 
imperfections in the shapes of these two modes, respectively. 
The postbuckling coefficients C40, C04, C22, C31, and C,3 are 
[18] 

C40 = (l/4)a1 1 . /2(W l) = ( l / 4 ) j o ) o lfu,yy(Wi,x)
2 

+f\l,xx(.w\,y)2-2fu,xy(wl,xwl,y)ldxdy 

C 0 4 = ( l / 4 ) a 2 2 . / 2 ( « 2 ) 

C22 = (l/4)ff1 1 . /2(M2) + ( l /4)ff2 2 . /2(M1) 

+ o-12 • / , , ( « , , « 2 ) (55) 

C 3 1 = ( l / 2 ) a 1 2 . / 2 ( « 1 ) + (l/2)<T11. / „ ( « , , u2) 

C 1 3 = ( l / 2 ) ( j 1 2 . / 2 ( « 2 ) + (j22 ./11(M1 ,«2) 

where, for example, 

r- 1 (• LIB 

<Jl 2 »/ l l (« l ,M 2 )=] 0 ] 0 \fl2,yy(W\,XW2,x)+fl2,xx(W\,yw2,y) 

-fn,xy (w i ,A- w2j, + w, j , w2]X) ] dxc?y (56) 

Further, the positive quantities Z>, and D2 are defined to be 
(• 1 f-L/fl 

A = ( - l i / o ^ ( a t CT=(7i)]0 J0 (wi,x)
2dxdy 

£>2 = ( - l ) /o , w ( a t °=°2)\o)0 (w2iJC)2dxrf>< 

Minimizing the potential energy with respect to the am­
plitudes of the buckling modes £, and £2, the two equilibrium 
equations are 

+ [ l - ( a / a , ) ] £ , = (a/a,)£, 

(57) 

*2?23+*2i?1
2?2 + C312?1

3+C132?1?2
2 

(58) 

(59) 

+ [l-(<r/o2m=(<'/<'2)Z2 
where 

^ ,=4040 / / ) , Z>2=4C04/£>2, bi2=2C22/Du 

b2l =2C22/D2 

C3n = 3C3,/£>, C,3, = C,3/-D,, C312 = C3,/£>2, 

C132 = 3 C 1 3 / Z ) 2 

In computing these postbuckling coefficients, integration in 
the axial x direction can be carried out analytically while 
integration in the y direction is performed by computing the 
area using Simpson's rule. 

As a check on the preceding coefficients, it can be seen that 
the foregoing two equilibrium equations agree with those 
presented by Byskov and Hutchinson [8, 18-20], 

^l l l l£ l +(^1221 + ^2121 +^221l)?l?2 + (&1121 + &1211 

+ 6211l)£l 2 £2+&222l£2 3 +[l - ( f f /^) ]£l = ( c r M ) f l 

^2222?23 + (^1122 +*1212 +*2112)?12?2 +^1112^13 

+ (&1222 + &2122 + *2212)£l tl + U~ (a /a 2 ) ]£ 2
 : 

(0" / f f 2 ) | 2 

where 
(60) 

bijkj = [cjmln{Uj,uk)+aij'lu(uk,uJ)]/(2Dj) (61) 

It should be noted in the isotropic plate buckling problem, 
oj -1\i(Uj,uk) is zero. 

In the present two-mode stability problem, it is found that 
C | 3 =C 3 1 =0. For a column with a purely symmetric im­
perfection ( § i = 0 and \2 9*0), the equilibrium path will follow 
the mode shape of a symmetric mode until the applied load is 
sufficiently large such that it will intersect the stability 
boundary and thus, bifurcation into the antisymmetric mode 
will occur. This equilibrium path is governed by 
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Fig. 4 Equilibrium paths of a symmetrically imperfect column with 
L/B = 1.0 and * = 0.3 

Fig. 3 The b-\, b2, and b22 coefficients versus the aspect ratio for 
Poisson's ratio of 0.3 

b2^+U-(<y/o2m2=(a/o2)l2 (62) 

and the stability boundary is specified by 

bl2H2
2 + [l-(o/ai)]=0 (63) 

Note that this particular problem is independent of the bx and 
b2i coefficients. 

6 Discussion of Results 

Figure 2 shows a graph of the buckling load versus the 
aspect ratio of the plate L/B where Poisson's ratio is v = 0.3. 
Within the range of the values of L/B being 0.5 and 2, the 
classical buckling loads <r, and a2 correspond to one half sine-
wave in the longitudinal direction (w, =m2 = 1). It can be seen 
that the symmetric mode (clamped at j = 0) has a higher 
buckling load than the antisymmetric mode (simply supported 
at y = 0). The difference between these two buckling loads 
becomes smaller for shorter columns. 

Figure 3 shows a plot of the postbuckling coefficients b\, 
b2, bl2 and b21 versus the aspect ratio of the plate. It can be 
seen that all these coefficients are found to be positive so that 
the postbuckling problem is stable. That is, buckling will not 
be associated with the loss of the carrying capacity of the 
structure, at least in the initial postbuckling regime. These 
coefficients become more positive for shorter columns. It 
should be noted that C13 and C3) vanish for the present range 
of L/B being considered. 

1-3! 

1-2 

L/B = 2-0, ^ = 0 3 

rri| = m.2 = I , £| = 0 

Fig. 5 Equilibrium paths of a symmetrically imperfect column with 
L/B = 2.0 and v = 0.3 
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Fig. 6 Amplitude of the symmetric mode (at which bifurcation into the 
antisymmetric mode just occurs) versus amplitude of the symmetric 
imperfection 

The aim of the present study is to examine the possibility of 
introducing a geometric imperfection in the shape of the 
symmetric mode so that the structure will follow the 
equilibrium path of this mode in the initial postbuckling 
regime as well as in the very large deflection stage. Thus, it is 
of interest to examine the equilibrium path of the column with 
f! =0 and £2 5*0. Figure 4 shows a graph of the applied load 
versus the amplitude of the symmetric mode £2 for L/B = 1 
and p = 0.3, where a,/a2 = (1.4016/1.6525) = 0.8481, 
b2 =0.500, and bl2 =0.4835. The structure is assumed to be 
loaded from zero so that the solid lines are of physical 
significance while the dotted lines are unstable equilibrium 
paths (physically unattainable in general). As the applied load 
is increased the stable equilibrium paths of an imperfect 
system will eventually intersect the stability boundary, at 
which bifurcation into the antisymmetric mode will occur. 

Figure 5 shows the equilibrium path of an imperfect column 
( f , = 0 and £ 2 *0) for L/B = 2 and e = 0.3 where 
r/,/ff2 = (0 .6681 /1 .3360) = 0 .500, 6 2 = 0 . 1 7 1 6 and 
6,2 =0.2719. Since both the b2 and bi2 coefficients for 
LIB= 2 are smaller than those for L/B= 1, the perfect path 
f2 =0 and the stability boundary opens wider. Thus, a larger 
value of the imperfection amplitude | 2 is needed to avoid 
bifurcation into the antisymmetric mode. Note that the 
present Koiter-type analysis is valid only for sufficiently small 
values of the imperfection amplitude. However, the initial 
postbuckling behavior is crucial in determining the final 
collapse mode. 

Figure 6 depicts a graph of the value of the amplitude of the 
symmetric mode (at which bifurcation into the antisymmetric 

mode just occurs) versus the symmetric imperfection am­
plitude | 2 f ° r aspect ratio LIB being 1.0, 1.5, and 2.0. As 
predicted from Fig. 4, a larger value of | 2 is needed to achieve 
a symmetric mode shape with £2 = 10.0 without bifurcation 
into the antisymmetric mode. For L/B-X.5, it is found 
that a,/<J2 = (0.8578/1.2912) = 0.6643, b2 =0.3031 and 
6 I 2=0.3633. 

7 Concluding Remarks 

The two-mode stability problem which involved the an­
tisymmetric and the symmetric modes for a short, thin-
walled, geometrically imperfect column has been investigated. 
The postbuckling coefficients of this two nonsimultaneous 
mode problem are computed. It appears from the equilibrium 
paths that it is possible to introduce a geometric imperfection 
in the shape of a symmetric mode so that the equilibrium 
paths will follow the shape of a symmetric mode in the 
postbuckling as well as in the large deflection regimes. This 
design is particularly beneficial from the energy absorption 
point of view since the symmetric mode has a much higher 
energy absorption than the antisymmetric mode. 

Finally, the plastic collapse analysis of short, imperfect 
thin-walled angled columns (taking into account plastic 
deformation in the postbuckling range) will be examined in a 
separate paper. 

Acknowledgment 

The author would like to thank Tomasz Wierzbicki 
(Professor, Department of Ocean Engineering, M.I.T.) for 
his comments on this work and constant encouragement. 

References 

1 Wierzbicki, T., Akerstrom, T., and Jernstrom, C , "Shape Optimization 
of Sheet Metal Structures Against Crash," Proceedings of the 4th Vehicle 
Structural Mechanics (V.S.M.) Conference, Detroit, Nov. 18-20, 1981 (also 
M.I.T. Dept. of Ocean Engineering Report 81-10, July, 1981). 

2 Wierzbicki, T., " 'On the Formation and Growth of Folding Modes,' 
Collapse: The Buckling of Structures in Theory and Practice," Proceedings of 
IUTAM Symposium, Thompson, J. M.T., and Hunt, G. W., eds., August 
1982, Cambridge University Press, 1983. 

3 Wierzbicki, T., and Abramowicz, W., "On the Crushing Mechanics of 
Thin-Walled Structures," ASME JOURNAL OF APPLIED MECHANICS, Vol. 50, 
1983, pp.727-734. 

4 Wierzbicki, T., "On the Crushing Mechanics of Thin-Walled Struc­
tures," ASME JOURNAL OF APPLIED MECHANICS, Vol. 50, 1983, pp. 727-734. 

5 Van der Neut, A., "The Interaction of Local Buckling and Column 
Failure of Thin-Walled Compression Members," Proceedings of the 12th 
International Congress of Applied Mechanics, held at Stanford University, 
Springer-Verlag, 1969, pp. 389-399. 

6 Van der Neut, A., "Mode Interaction With Stiffened Panels," 
Proceedings of the IUTAM International Symposium on Buckling of Struc­
tures, Budiansky, B., ed., Springer, New York, 1976, pp. 365-382. 

7 Koiter, W. T., and Kuiken, G. D. C , "The Interaction Between Local 
Buckling and Overall Buckling on the Behaviour of Built-Up Columns," Delft 
University of Technology, WTHD 23, May 1971, 26 pp. 

8 Byskov, E., " 'An Asymptotic Expansion Applied to Van der Neut's 
Column,' Collapse: The Buckling of Structures in Theory and Practice," 
Proceedings of IUTAM Symposium, Thompson, J. M. T., and Hunt, G. W., 
eds., Cambridge University Press, 1983 (also Technical University of Denmark 
DCAMM Report #251, October 1982). 

9 Graves Smith, T. R., "The Ultimate Strength of Locally Buckled 
Columns of Arbitrary Length," Thin-Walled Steel Structures, Their Design 
and Use in Building, Rockey, K. C , and Hill, H. V., eds., Crosby Lockwood, 
1967, pp. 35-60. 

10 Graves Smith, T. R., "The Local Collapse of Elastic Thin Walled 
Columns," Journal of Structural Mechanics, Vol. 8, No. 4, 1980, pp. 471-489. 

11 Grimaldi, A., and Pignataro, M., "Postbuckling Behavior of Thin-
Walled Open Cross-section Compression Members," Journal of Structural 
Mechanics, Vol. 7, No. 2, 1979, pp. 143-159. 

12 Bridget, F. J., Jerome, C. C , and Vosseler, A. 8., "Some New Ex-

572/ Vol. 51, SEPTEMBER 1984 Transactions of the ASME 

Downloaded 16 Oct 2012 to 193.255.212.36. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



periments on Thin-Wall Construction," ASME Transactions, Vol. 56, 1934, 
pp.569-578. 

13 Koiter, W. T., "On the Stability of Elastic Equilibrium," Doctoral 
Thesis, Delft, Amsterdam, 1945; English Translations: NASA-TT-F10, 833, 
1967 and AFFDL-TR-70-25, 1970. 

14 Hui, D., and Hansen, J. S., "Two-Mode Buckling of an Elastically 
Supported Plate and Its Relation to Catastrophe Theory," ASME JOURNAL OF 
APPLIED MECHANICS, Vol. 47, 1980, pp. 607-612. 

15 Timoshenko, S. P., and Gere, J. M., Theory of Elastic Stability, 
McGraw-Hill, New York, 1961. 

16 Tvergaard, V., "Imperfection-Sensitivity of a Wide Integrally Stiffened 
Panel under Compression," International Journal of Solids and Structures, 
Vol.9, 1973, pp. 177-192. 

17 Hui, D., Tennyson, R. C , and Hansen, J. S., "Mode Interaction of 
Axially Stiffened Cylindrical Shells: Effects of Stringer Axial Stiffness, Tor­
sional Rigidity, and Eccentricity," ASME JOURNAL OF APPLIED MECHANICS 
Vol.48, 1981, pp. 915-922. 

18 Byskov, E., and Hutchinson, J. W., "Mode Interaction in Axially 
Stiffened Cylindrical Shells," A1AA Journal, Vol. 15, July, 1977, pp. 941-948. 

19 Olesen, J. F., and Byskov, E., "Accurate Determination of Asymptotic 
Postbuckling Stresses by the Finite Element Method," Danish Center for 
Applied Math and Mechanics DCAMM Report No. 215, July, 1981. 

20 Budiansky, B., and Hutchinson, J. W., "Dynamic Buckling of Im­
perfection-Sensitive Structures," Proceedings of the 11th International 
Congress of Applied Mechanics, Gortler, H., ed., Munich, 1964, Springer-
Verlag, 1966, pp. 634-651. 

.Readers Of. 
The Journal Of Applied Mechanics 
Will Be Interested In: 
PVP - Vol. 78/AMD - Vol. 64 
Advances in Fluid-Structure Interaction - 1984 
Editors: G. C. Everstine, M. K. Au- Yang 

This volume is a collection of 18 papers presented at the symposium, "Recent Advances in Fluid-Structure Inter­
action," held at the 1984 Pressure Vessel and Piping Conference and Exhibition, June 17-21, in San Antonio, 
Texas. 

Topics Include: Asymptomatic Fluid-Structure Interaction Theories for Acoustic Radiation Prediction, Infinite 
Elements for Compressible Fluids: Application to a Sphere Submerged in a Dense Compressible Medium of In­
finite Extent, Fluid Structure Interaction Problems in Turbine Blade Vibration, Dynamic Analysis of Fluid-
Filled Piping Systems Using Finite Element Techniques, Experiments on Tubes Conveying Fluids, Dynamics of 
Coupled Fluid-Shells, Computer Codes for Fluid-Structure Interactions, and The Role of Solid Damping in Fluid-
Structure Interactions. 

1984 Bk. No. H00292 253pp. $44.00 list $22.00 members 

Descriptions of other volumes of interest appear on pages 500, 525, 530, 550, 565, 580, 585, 601, 629, 663, and 686. 

Address Orders To: 
ASME Order Department • P.O. Box 3199, Grand Central Station • New York, N.Y. 10163 AM128 

Journal of Applied Mechanics SEPTEMBER 1984, Vol. 51 / 573 

Downloaded 16 Oct 2012 to 193.255.212.36. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm




