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Note that in (35) the ellipticity condition XH X22 > X?2 ensures
that KC(3- <x2C2 > 0.
Hence from (33), (18), and (27) it follows that if X12) X„
and \ 2 2 are given by (28)-(30) then the solution to (4) may be
written in the form
l
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where \p is an arbitrary analytic function, z = x+py, with x,y,
and/7 defined, respectively, by (22), (21), and (35).

(43) then the temperature as given by (42) decreases with x2
more rapidly than would be the case with constant conductivities (C = 0),
(;7)
that
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with z = xx + pab~'
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where T0(X\) is a given function of xt. Suppose further that
the half space is inhomogeneous and is of a form that, for
suitable values of the constants, the coefficients Xn, Xi2, and
X22 are given by (28)-(30). It is required to find the temperature throughout the half space.
The temperature in the half space may be represented by the
form (36) with the analytic function \p(z) satisfying the
boundary condition
D~lS{[^(x)]

T0(x)

for

I*! I <a

0

for

I*] I >a

(38)

=

Thus it is required to find function \p(z) which is analytic in
the upper half space x2 > 0, vanishes at infinity and satisfies
the boundary condition (38). This is a standard problem (see
for example Clements [2]) and the solution is

1 J- DTM
2m J -a

+D]2/Caebx2,
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s'mbx2)

k(x2) = a(l +cosfor 2 ).

\)+D}2.

In this case y =

T=[Ca(x2 + b-lsmbx2)+D]-lDt0(R\

a(x2+b~l
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Lz + aiJ

withz = *i + pa(x2 +b~[ sin6x 2 ) a n ( i
\i2 = a[Ca(x2+b~i

sinbx2) + D]2,
+cosbx2),

l

X u =0a(l+cosbx2)[Ca(x2+b~
sinbx2) + D]2.
These three examples give some indication of the possible
types of variations in the X,y for which an elementary general
solution of (2.1) exists. In general the aim would be to choose
a suitable multiparameter form for k(x2) so that the X„- could
be fitted to given numerical values.
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Hence, from (36), the temperature in the half space is given by
V. 2wl J -a

In the particular case when T0(t)
(40) provides

t—Z J

(40)

= t0 (constant) equation

T=(Cy+D)~lDt0(R\^-.ln\^-]}.
Consider now some particular cases for the function
occurring in (21)
(i) k(x2) = 1.
(28)-(30) yield

X22 =K[Cab~[ (ebx2 - 1)

X22 =K[Ca(x2 +b~i sinbx2)+D]2/Ca(l

l*i I <a
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(e te 2 - 1 ) and

X n =Paebx2[Cab-1 (ebx2 -

Complex function theory may be used in conjunction with
the solution (36) to provide the solution to a number of
thermostatic boundary value problems for inhomogeneous
materials. As an illustration a particular boundary value
problem will be examined in this section.
Consider the anisotropic half space occupying the region x2
> 0 and let the temperature distribution on the boundary
x2 = 0 of the half space be given by
for

+D)-lDt0(R[-—.

X12 = a[Cab-1 (eb*2 - l)+D]2,

A Specific Boundary Value Problem

T0(X])

Herej' = a/b(ebxi - 1) so

(b > 0).

(41)
k(x2)

In this case y = x2 and hence (40) and

T Cx +D) lD
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David Hui1
The present paper deals with the effects of initial geometric
imperfections on large-amplitude vibrations of simply supported rectangular plates. The vibration mode, the geometric
imperfection, and the forcing function are taken to be of the
same spatial shape. It is found that geometric imperfections
of the order of a fraction of the plate thickness may
significantly raise the free linear vibration frequencies.
Furthermore, contrary to the commonly accepted theory that
large-amplitude vibrations of plates are of the hardening type,
the presence of small geometric imperfections may cause the
plate to exhibit a soft-spring behavior. The effects of
hysteresis (structural) damping on the vibration amplitude
are also examined.

withz = x+py = xx +px2 and
X 1 2 =a(Cx 2 +Z>) 2 ,

\22=KC~l(Cx2+D)2,
\n=P(Cx2+Df.

(43)

Thus if the conductivities X,y increase with x2 as prescribed by
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Fig. 1(a) Nonlinearity parameter versus imperfection amplitude for
simply supported rectangular plates with v = 0.3 and n = 1

Introduction

Large-amplitude vibration of isotropic homogeneous plates
is an important subject which has been investigated by many
authors in the past decades [1-4] and an excellent introduction
to this topic can be found in a book by Chia [5], Many other
relevant papers are cited by the foregoing references. It was
found that the large amplitude vibrations of plates were
always of the hardening type for various types of boundary
conditions and shapes of the plates.
Much less is known about the effects of initial geometric
imperfections on linear or nonlinear vibrations of plates. Hui
and Leissa [6] examined the effects of geometric imperfections on linear free vibrations of simply supported
rectangular plates with two in-plane biaxial preloaded forces.
They found that initial geometric imperfections of the order
of the plate thickness may significantly raise the vibration
frequencies, especially in the region of large in-plane preload.
Large-amplitude vibrations of clamped circular plates with
initial geometric imperfections and initial in-plane edge
displacements was investigated by Yamaki et al. [4]; however,
the results are restricted to only one value of the geometric
imperfection amplitude being 10 percent of the plate thickness
and only hard-spring behavior was found. A reexamination of
the large-amplitude vibrations of circular plates shows that
the geometric imperfections of the order of half the plate
thickness may significantly raise the free linear vibration
frequencies and cause the circular plates to exhibit soft-spring
behavior [7], The large-amplitude vibration behavior of
imperfect plates was examined earlier [8]; but the results are
confined to square plates with only one half-wave in both
directions and the imperfection amplitudes are too large to be
considered practically unavoidable. In passing, the effects of
geometric imperfections on linear vibration of shallow
spherical shells with pressurized preload [9] and nonlinear
vibrations of shallow spherical shells [10] have been
examined. The important related work on the cylindrical
panels [11] and cylindrical shells is in progress.
The present paper aims to examine the effects of geometric
imperfections on large-amplitude vibrations of simply supported rectangular plates. The vibration mode, the initial
geometric imperfection, and the forcing function are all of the
same spatial shape. The effects of structural damping are
studied using the complex-modulus model [12]. The analysis
is based on a solution of the nonlinear von Karman differential equations for plates. The nonlinear compatibility
equation is satisfied exactly by a suitable choice of the stress
function, and the nonlinear dynamic equilibrium equation is
satisfied approximately using a Galerkin procedure. The
resulting second-order nonlinear ordinary differential
equation in time can be written in the form of Duffing's
equation with an additional quadratic-spring term.
It is found that the presence of geometric imperfection may
significantly raise the free vibration frequency. Contrary to
the well-established and widely accepted theory that the
nonlinear vibration of flat plates is of the hardening type, the
present analysis shows that the presence of unavoidable
geometric imperfection amplitudes of the order of only half
the plate thickness may change the nonlinear hard-spring
character of the plate to one with a soft-spring behavior.
Appropriate backbone curves are plotted. Structural damping
is shown to reduce significantly the forced linear vibration
amplitude of the plate near resonance.
2

Analysis

Fig.1

The dynamic analogue of von Karman equilibrium and
compatibility differential equations for moderately largeamplitude vibrations of plates, written in terms of the out-ofplane displacement w and the Airy stress function / , in-
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Fig. 1(b) Nonlinearity parameter versus imperfection amplitude for
simply supported rectangular plates with v = 0.3 and n = 2
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corporating the possibility of a geometric imperfection w0
are, respectively, in nondimensional form [5, 11, 13],
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In the foregoing, E is Young's modulus, ?? is the loss factor
associated with the complex-modulus model for structural
damping, i = (— 1) 1/2 , h is the plate thickness, W0 is the initial
geometric imperfection, X and Y are the in-plane coordinates,
Q(X, Y,t) is the forcing function, p is the plate mass per unit
area, / is the time, c— [3(1 - c 2 )] 1/2 , v is Poisson's ratio, b is
the width of the plate, and wr is the reference frequency.
The boundary conditions are taken to be simply supported
of the form (a is the length of the plate)
w(x = 0 or a/b) = 0
w

<xx(x = 0 or a/b) = 0
w(y = 0 or l) = 0

Fig. 2(a) Backbone curves for free nonlinear vibration of simply
supported imperfect rectangular plates with no damping (l>il = 0, 1.0,
c = 0.3, andn = 1)

w,yy(y = 0 or l) = 0

(4)

Further, the in-plane displacements normal to the edges are
constant and there is no in-plane shear along all the edges,
that is, f,xy {x=0 or x=a/b) = 0 &ndf,xy (y = 0 or y = 1) = 0.

IAI

For a rectangular plate, the fundamental vibration mode
corresponds to half sine-waves in both the x and y directions.
From a physical point of view, it is realistic to assume that the
shape of the geometric imperfection (unavoidable deviation
from flatness) is the same as that of the fundamental mode.
This will serve as an example problem to demonstrate that the
large-amplitude vibration of imperfect plates is not
necessarily of the hardening type. The influence of geometric
imperfections (of shapes other than the vibration mode) on
small-amplitude vibrations of plates was examined [6].
However, their influence on large-amplitude vibrations of
plates will not be presented here. The dhape of the forcing
pressure distribution is taken to be of the same shape as the
vibration mode; the specification of this type of pressure
distribution will not affect the problem since the present paper
deals primarily with free vibrations of plates. Accordingly,
the vibration mode, the initial geometric imperfection, and
the forcing pressure distributions are taken to be the same
spatial shape,

20
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[w(x,y,t),w0(x,y),q(x,y,t)]
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Fig. 2(b) Backbone curves for free nonlinear vibration of simply
supported imperfect rectangular plates with no damping (lpl = 0, 1.0,
c = 0.3, andn = 2)
Fig. 2
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,ii,qlcos(at/ur)]sm(M-irx)sm(rnry)

(5)
where /x is the amplitude of the geometric imperfection
normalized with respect to the plate thickness, M=mb/a, and
m and n are the number of half-waves in the x and y directions, respectively. Substituting w(x,y,t) and w0(x,y) into
equation (2), the stress function that satisfies the boundary
conditions and the nonlinear compatibility equation exactly
is,

/(xj>,0 = (l+n?)[vv(0 2 +2;uvv(O](c/16)
[(n/M)2cos(2M7rx) + (M/«)2cos(2«7r>')]

(6)
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amplitude A) as a hard-spring or a soft-spring. Clearly, a sign
change in the imperfection amplitude will not affect the
problem. Setting r to zero, the transition imperfection amplitude is,
hP+ri2
' * ' " [(2c) 2 (M 4 +« 4 )] 1 / 2
°3)
so that for the amplitude of the geometric imperfection
greater than p,, the nonlinear vibrations of simply supported
rectangular plates is of the softening type.

3

Fig. 3 Free vibration frequency versus imperfection amplitude for
simply supported rectangular plates with \A I = 0,1.5, v = 0.3, and n = 1

Finally, substituting w(x,y,t), w0(x,y) and f(x,y,t) into the
nonlinear dynamic equilibrium equation and applying the
Galerkin procedure (i.e., multiplication of both sides by
sin(Mirx) sin(«Try) followed by integration over the plate
surface) yields a second-order nonlinear ordinary differential
equation in time which can be written in the form of Duffing's
equation with the additional quadratic term,
w(t),t,

+ [kw(t) +

(eka2)w(t)2

+ (ek)w(t)3](l

+ iri) = qlcos(ut/wr)

(7)

where k, e, and a2 are found to be,
k= [(M2 +n2)2 + (M 4 + « 4 ) ( M 2 C 2 / 2 ) ] ( 1 / 4 )

e=(M 4 +« 4 )[c 2 /(16A:)]

(8)

«2=3/i
Thus, the solution of the linearized differential equation is,
w(t) =Ams(ut/wr)

(9)

where the absolute value of the complex quantity A is,
L1
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{[l-(Q /k)]2 + v2}"2
Further, using Linstedt's perturbation technique (see the
Appendix of [7]), the ratio of the nonlinear to the linear
vibration frequency Q/fi„ is related to the vibration amplitude
A in the form (assuming no damping, -q = 0),

WU0 = \+rA2-(\5e2A*/256)

(11)

where
r = (3e/8)-(5a 2 2 e 2 /12)

(12)

Thus, the sign of the nonlinearity parameter r determines
whether the plate behaves (at least for small values of the
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Results and Discussion

The influence of structural damping on the linear forced
vibration response (for practical values of the loss factor [12]
7j being 0.1, 0.01, and 0.001) is summarized in Table 1. The
amplitude is normalized with respect to its static value
(\Ak/q x I) while the forcing frequency is normalized
(0 = td/o>r) with respect to the linear vibration frequency (0/
V&). It can be seen that the peaks of the response curves
remains unshifted at 0,/^fk = 1. Also, the peak value is equal to
1/r/.
Figure 1(a) shows a graph of the nondimensional
nonlinearity parameter r versus the amplitude of the
geometric imperfection for simply supported rectangular
plates with Poisson's ratio y = 0.3 and wave numbers n = 1 and
M=mb/a = 0, 0.5, 1, 2, and infinity. Since the influence of
the quartic term A4 in equation (11) is generally small (it is
negligible compared with the A2 term for small A), the largeamplitude vibration problem can be classified as a hardspring or a soft-spring type depending on whether r is positive
or negative, respectively. These curves show that the
nonlinearity parameter r decreases and then increases slightly
with increasing imperfection amplitude. A similar plot for the
wave number « = 2 is presented in Fig. 1(b). The transitional
values of the imperfection amplitude at which the nonlinearity
parameter r changes sign can be computed using equation
(13); for n- 1 or « = 2, In, I lies between 0.42 and 0.60 for all
possible values of M. Finally, the aspect ratio of the plate
affects the problem via the wave number M.
The backbone curves (magnitude of the vibration amplitude
\A I versus free nonlinear vibration frequency Q) for simply
supported rectangular plates with no damping are shown in
Fig. 2(a). Again, Poisson's ratio v is taken to be 0.3 and the
wave numbers a r e « = 1 andM=mb/a = Q, 0.5, and 1.0. It can
be seen that for perfect plates (n = 0), the nonlinear vibration
is of the hardening type. Note that although the geometric
imperfection raises the free linear vibration frequency (at
\A 1=0), the nonlinear frequency may be signficantly reduced
as a result of the nonlinear softening character of the imperfect plate. A similar plot for the wave number « = 2 is
depicted in Fig. 2(b). Note that in order to show the preceding
effects, the nonlinearity frequency fl is not normalized with
respect to its linear value.
Figure 3 shows the nonlinear frequency versus the imperfection amplitude for simply supported rectangular plates
with v=0.3, n= 1, a n d M = 0 , 0.5, and 1.0 for fixed values of
the magnitude of the vibration amplitude \A 1=0 and 1.5.
Again, the nondimensional frequency Q, defined to be co/o>r,
is not to be confused with a>(nonlinear)/w(linear). Whereas
the effect of geometric imperfection is to raise free vibration
frequency as seen in the \A 1=0 curves, the effect of imperfection may actually lower the nonlinear frequency for a
fixed value of the magnitude of the vibration amplitude, say
\A 1 = 1.5. It should be noted that the eventual rise of the
nonlinear frequency for \A I = 1.5 is attributed to two factors:
the nonlinearity parameter r becomes slightly less negative as
seen in Fig. 1(a) and the linear vibration frequency continues
to rise with increasing magnitude of the geometric im-
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Table 1 Normalized amplitude (\Ak/q t
loss factor
Q/(£ 1 / 2 )

lAk/ql I
(atr/ = 0.1)

\Ak/q, I
(at T, = 0.01)

\Ak/qx\
(at 1) =0.001)

0.00
0.20
0.40
0.60
0.80
0.85
0.90
0.95
0.975
1.00
1.025
1.05
1.10
1.15
1.20
1.40
1.60
1.80
2.00
2.50
3.00
4.00
5.00
7.50
10.00

0.995037
1.036060
1.182130
1.543770
2.676440
3.390200
4.657460
7.160000
8.966580
10.000000
8.921860
6.983240
4.299340
2.961660
2.216210
1.036060
0.639713
0.445984
0.333148
0.190442
0.124990
0.0666652
0.0416663
0.0180995
0.0101010

0.999950
1.041610
1.190390
1.562310
2.776710
3.601270
5.255880
10.202900
19.850100
100.000000
19.378600
9.710000
4.756510
3.099290
2.272140
1.041610
0.641013
0.446424
0.333332
0.190476
0.125000
0.0666667
0.0416667
0.0180995
0.0101010

0.999999
1.041660
1.190470
1.562480
2.777670
3.603370
5.262430
10.251000
20.211800
1000.000000
19.714700
9.751460
4.761370
3.100630
2.272670
1.041660
0.641024
0.446428
0.333333
0.190476
0.125000
0.0666667
0.0416667
0.0180995
0.0101010

perfection. For brevity, a similar plot for the
the n = 2
not be presented here.
4

I) versus normalized frequency (fi/VA) for a given

case will

Concluding Remarks

The effects of geometric imperfections on the linear and
nonlinear vibrations of simply supported rectangular plates
were examined. It was found that the presence of geometric
imperfections of the order of a fraction of the plate thickness
may significantly raise the free linear vibration frequencies.
Furthermore, small geometric imperfections may drastically
change the nonlinear character of the vibration problem from
the well-accepted hard-spring behavior to one with a softspring behavior. The soft-spring behavior of nonlinear
axisymmetric vibrations of clamped shallow spherical caps
with circular edges [14] supports qualitatively the soft-spring
findings of the present paper for the special case when
M=m = n = a/b= 1.
Finally, it should be mentioned that the geometric imperfection is taken to be of the same shape as the vibration
mode. Analogous to the buckling and initial post buckling
problems [15], it is quite possible that this type of geometric
imperfection is the most influential one. That is, if the effects
of this type of imperfection are not significant, then it is
probably not worthwhile to consider other types of imperfection. The severe effects of geometric imperfections in
the present analysis show that the influence of unavoidable
random imperfections cannot be "safely" neglected in
practical designs. While it is highly desirable to obtain more
accurate hard-spring curves (using the amplitude incremental
method [16] and including the effects of shear and rotatory
inertia [17]), it is equally important to investigate whether
practical imperfect plates behave as hard-spring or soft-spring
in large-amplitude vibrations. Further work on the effects of
geometric imperfections on large-amplitude vibrations of
angle and cross-ply composite plates will be presented in
separate papers.
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