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The present paper deals with the influence of small geometric imperfections on the

vibration frequencies of rectangular, simply supported, angle ply, thin composite
plates subjected to inplane uniaxial or biaxial compressive preload. Depending on
the amount of preload, the frequencies of laminated plates with different im-
perfection shapes may be significantly higher than those for perfect plates,
especially in a certain range of fiber angles. Interaction curves between frequency
and applied preload are plotted for various fiber angles and imperfection am-
plitudes for both the uniaxial and equal biaxial loading cases.

1 Introduction

Vibration of fiber-reinforced plates and shells has been a
subject of significant current interest since it is an important
design consideration in many light-weight, high-strength,
engineering structural configurations. Based on the
pioneering work on the effects of bending-stretching coupling
of composite plates by Ambartsumyan [1] and Reissner and
Stavsky [2], the vibration frequencies of antisymmetric angle
and cross-ply perfect plates with no preload were studied by
Whitney and Leissa [3] and subsequently by Jones [4]. Ex-
cellent reviews on the current state of the art were written by
Chia [5], Leissa [6], and Bert [7].

However, it should be emphasized that none of the
foregoing analyses for laminated plates and shells involves the
study of the effects of small, usually unavoidable, geometric
imperfections (that is, deviation from flatness). Geometric
imperfections have been found to be very significant, in some
cases, in affecting the linear small-amplitude vibration
frequencies of isotropic, homogeneous thin-walled structures
such as simply supported rectangular preloaded flat plates [8],
externally pressurized shallow spherical shells [9], unstiffened
cylindrical shells [10, 11], cylindrical panels [12], and stif-
fened cylindrical shells [13], even in the absence of inplane
compressive preload. Of particular concern is whether the
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fiber orientation and bending-stretching coupling for
laminated plates will significantly affect the sensitivity of the
vibration frequencies due to the presence of small geometric
imperfections (already found to be significant for
homogeneous isotropic flat plates). The effects of a static
previbration deformation due to inplane compressive preload
will be examined.

If Koiter’s work in 1945 on the effects of geometric im-
perfections on buckling of thin-walled structures is considered
a major breakthrough in applied mechanics [14], then the
work on establishing the influence of geometric imperfections
on vibration of similar structures should also be considered a
major breakthrough in the field. Among the existing
publications on the possible effects of imperfections- on
vibrations of plates and shells [8-13], not one of them deals
with laminated thin-walled structures. This paper is the first in
the open literature to point out that if these laminated
structures were actually tested in the laboratory, it is possible
that significant increases in the fundamental frequencies may
occur due to the presence of unavoidable small geometric
imperfections and inplane compressible preload. Further
studies on the large-amplitude vibrations of laminated plates
will be presented in a separate paper [15].

The present analysis is based on a solution of the nonlinear
von Kdrmdn-type governing differential equations within the
context of Koiter’s special theory of elastic stability [16]. The
geometric imperfection is assumed to take the shape of a
sinusoidal wave in both of the inplane directions. The static
previbration nonlinear compatibility equation is satisfied
exactly. Further, the nonlinear previbration static equilibrium
equation is satisfied approximately using a Galerkin
procedure. Using a perturbation technique, the dynamic
equilibrium and compatibility differential equations are
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linearized with respect to the perturbed dynamic state. The
linearized compatibility equation is solved exactly (exact
relative to the assumed vibration mode shape) and the
dynamic equilibrium equation is then satisfied approximately
using a Galerkin procedure. An explicit expression for the
vibration frequency is obtained as a function of the biaxial
preload, the imperfection amplitude, the vibration wave
number, and the imperfection wave numbers.

Example problems are chosen from typical graphite-epoxy
angle ply rectangular plates [4, 5, 17] where the optimum fiber
angle, taking into account the effects of bending-stretching
coupling and imperfection sensitivity, are investigated.
Frequency versus uniaxial or equal biaxial load interaction
curves are presented for various fiber angles and imperfection
amplitudes. It is found that the amplitudes of imperfections
on the order of a fraction of the total laminated plate
thickness may significantly raise the vibration frequencies,
especially in plate configurations corresponding to a certain
range of fiber orientations and large uniaxial or biaxial
compressive preload.

2 Governing Differential Equations

The von Kdrmdn-type nonlinear equilibrium and com-
patibility equations for a thin laminated plate (written in
terms of a normal displacement W and a stress function F)
are, respectively [18, 19],

Lp* (W) +Lp(F)+pW,5;=F, yy (W+ Ws), xx
+F, xx (WA Wo),yy —2F, xy (W+Wo), xy
Lx(F)=Lg*(W) +[(W+Wy),xy]> = (Woxy)?
—(W+Wo)yxx (W+Wo), vy + Wo xx Wo, vy (1,2)

In the foregoing, 7 is time, p is the mass of the plate per unit
area, X and Y are the in-plane coordinates, and W, is the
initial geometric imperfection. The strains and moments are
related to the membrane stress resultants and curvatures by
(Ny=F,yy, Ny =F, xy and ny = —F,xy)

. (431 [Bj]
[Exy€y9'ny:Mx’My’Mxy] = .
~B;I” D3]

° NxaNnyxy’—W’XXs_W’YYy_ZW!XY]T (3)
Introducing the nondimensionalization scheme,
(w,wo)=(W/h,Wy/h),  f=F/(ER),

(. )=(1/b) (X,Y)
(a},b},d})=(EhAY,B}/h,DY/ (ER®)] C))

where E is an arbitrary Young’s modulus, # is the total
laminated plate thickness, and b is the width of the plate
(Y=0 to b). The nonlinear dynamic equilibrium and com-
patibility equations can be written in nondimensional form,

Ly W)+ Ly (N + [0b*/(ER)]W, 7

“Jayy (W+ WO)’xx +f9xx(w+ WO),yy - Zf’xy (W+ WO),xy (5)
Lx(N=LyxW)+[(W+Wo)0]* — (Woy)?
- (W+ wO);xx (W + wO)’yy + wo,xxw(),yy (6)

In the special case of angle ply composite plates, the non-
dimensional linear differential operators are:

La* ( ) = a’ZyZ( )9xxxx + (20]“2 + agG)( )9xxyy + a)lkl( )’yyyy
Lb* ( ) (2b§6 - bé‘1 )( )axxxy + (ZbT6 - bgz)( ))xyyy (7)
Ld* ( ) Tl( )’xxxx + (2)(dT2 + 2d;&)( )mxyy

+ d;Z( )1yy_yy 7
The rectangular angle ply plate is assumed to be simply
supported along all four edges (w=0 and M,=0at y=0and
y=1and w=0, M,=0 at x=0 and x=a/b where a is the
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length of the plate). Further, there is no inplane shear stress
along all the edges (f,,, =0 on all four edges) and the inplane
displacement perpendicular to each edge is constant.

3 Previbration State

The previbration static deformation w, is assumed to be of
the same shape as the initial geometric imperfection (J=jb/a
and j and k are positive integers)

[w, (x,), wo (x, )] = (¢, wIsin(Jmx)sin(kmy) (8)

Substituting w=w,(x,y) and wy(x,y) into the nonlinear
compatibility equation, the previbration stress function
J»(x,y) which satisfies this nonlinear differential equation
exactly is:

Sp (0y) =4 (x,p) = (8,) (¥2/2) — (5, )(x*/2) (&)

where
(8,,8,) = (= Ny, =N, XD*/(ER?))
and
S*(x.y) =cpcos(Jmx)cos(kmy) + [(c,, + w)? — p?1l4, cos(2Jmx)
+ A,cos(2kmy)] (10)
Further, the constants ¢, 4, and A, are found to be:
cr = (—¢,)Cpr(J,k)/Cpx(J,k)

A, = [1/32a)1(k/J)?, A, =[1/32at)J/k)*? an
Cox(P,Q) = ahP*+Qat, +ate)(P* Q%) +at, 0
Cpx(P,Q) = (2b3 —be)(P*Q) + (2bfs — b&)(PQ?) (12)

Substituting w, (x,¥), wo(x,»), and f, (x,y) into the nonlinear
previbration static equilibrium equation and applying the
Galerkin procedure (multiplying both sides by sin(Jwx)
sin(kmy) and integrating from x=0to a/b and y=0to 1), one
obtains a cubic equation in ¢,, + u of the form,

(€w+ 1) QIPENA, +A5) + (0 + (— )R KA, +A,)

—[((‘7XJ2+6yk2)/7rz]+C*} —(WC*=0 (13)
where

C*=Cyp (k) +Cpx (J,k)2/Cx (J,k)] (14)
Cy*(P,Q) =d} P* + 2)(d}, +2d3)(P* Q) +d%, Q" (15)

As a check, it can be seen that &,=5,=0 implies ¢, =0.
Finally, the applied preloads &, and &, should not be so large
as to cause excessive plate deformations. Neglecting the cubic
terms in equation (13) (as was done in references [10] and [13])
will result in considerable errors in the previbration defor-
mation for lul >0.1.

4 Vibrations of Biaxially Compressed Imperfect Angle
Ply Plates

Using a perturbation method, the perturbed dynamic state
wg (x,y,0) and fp(x,»,!) is added to the previbration state of
static equilibrium and the governing differential equations are
linearized with respect to wg (x,y,f) and f5 (x,»,t). Doing so,
the dynamic equilibrium and compatibility equations become:

Lg*(wg) +Lyp*(fp) + [0b*/(ER) Wy i
+ (axWB,xx + awa,yy) =.}N sy WBxx +ﬂ sxx WB.yy
- 2.}“ !xyWB,xy + (Wp + WO)’xxfB,yy + (Wp + WO)’yny,xx

—Z(Wp +W0)sxny,xy (16)
La* (fB ) =l{b* (WB) + (2)(Wp + WO)»xy wB,xy
_(Wp +w0)’xow,yy _(wp+W0)’ywa,xx (17)

The associated simply supported boundary conditions are
wp=0, wp,,=0, and fp,,=0 at x=0 and a/b. In an-
ticipation that the two edges y=0 and y=1 have arbitrary,
but uniform, boundary conditions acting along them (e.g.,

Transactions of the ASME


file:///xyyy

clamped, simply supported, or free), including the case when
they are reinforced by stringers that may provide torsional
restraint on the plate (the actual nonclassical boundary
condition may lie somewhere between the simple support and
clamped boundary conditions so that a discretized numerical
solution is necessary [17]). It is desirable to reduce the
dynamic equilibrium and compatibility equations to ordinary
differential equations in the y direction.
The vibration mode is assumed to be of the form,

(18)

where w is the vibration frequency, M=mb/a, and m is the
number of half sin-waves from x=0 to x=a/b. Substituting
wp (x,),1), w, (X,»), and wg(x,y) into the foregoing linearized
compatibility equation, one obtains three coupled ordinary
differential equations in the form,

af (M7 f,(v) + Qats +ag)(— M*72)f (D),
+a1 10y = Qb3 — DU N - M TYWp (1),
+2b%s — bHIYMTIWE (V) 1y
ap(J—M)* 7 f,(0) +Qaty + ade)(— 72)
(J=M)2£,00,, +at1./20)spyyy
=(1/2)(cw + WCMIK7* )W (¥) ,,cos(kmy)
+ (2w (¥),,,sin(kTy)
—(MPE27*Yywg (p) sin(kTy)
ap(J+M) 7' f,(0) + Qaty + ade)(— 72)
(J+M)2f300)5y + @11 3005y
=172}, + WICMIkT YWy (»),,cos(kmy)
— (27w (1), ,,sin(kmy)
+ (M2 atYywg (¥) sin(kTy)
where the stress function f (x,3,#) is:
S (x,9,1) = {f1()cos(Mnx) +f>(¥)cos|
(J— M) zx] + f5,(¥)cos[(J + M) x] }expliw?) (22)

Substituting wg (x,5,8), fp(x.3,8), W, (x,»), wo(x,»), and
S*(x,p) into the linearized dynamic equilibrium equation and
applying the Galerkin procedure (multiply both sides by sin
(Mrx) and integrating from x=0 to x=a/b), one obtains an
ordinary differential equation involving f,(»), f2 (), f5(»),
and wg (y) in the form:

(1/2){[d M7t — 74 Q2 — (M7) 5, ]wp ()
+ 18, = 2(df, +2dg )M 1wp () 1y,
+dHWg (¥) sy + 203 — 5N MTY f1(),),
+ 2% — b5 ) (— MY 1 (), 4y
+2(I)[2b3 ~ bg NI —M) > T3, (),
+2b1s — bE)(— I = M) [2(0)5 5 )
=[(cyy +p)? — WP 1{@M2 K2 A)wp (v) cos(2kmy)
—@P T AN WE (D))
+ (M mices) (I)wg (¥) cos(kmy)
-(J? chf) (L)wWg (), ,ycos(kmy)
—QRJIkMT3 ¢,y (I3)wg (¥),,sin(kTy)
+ (¢ +wsintkmy){ = LI 710,y
+IEEMAI )1 () + (=272 L)),y
+ Tk - M) LS, 0) +("J27f215)f3()’),yy
+ 7T+ M) L))
+ (¢, + weostkmy) ({RIKMT)]Lf, (),
+QJk) (J-M) T Ief; (¥),,
+QJK) (J+M) T 1 f5(¥) )

wp (X,9,0) =sin(Mmx)wp () exp(iwf)

(19)

20

@n

(23)
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In the preceding expression, 7*Q% = w?pb*/(ER?) and E=E,
where E, is Young’s modulus in the plane of the plate, per-
pendicular to the fiber direction, and the definite integrals /;,
1y, ..., I; are defined in the Appendix. Equations (19)-(21)
and (23) constitute four coupled ordinary differential
equations in four unknowns variables f,(»), f2(»), f3(»), and
wg (). The appropriate (possibly nonclassical) boundary
conditions at y=0 and y=1 can be formulated in-a manner
similar to the one presented in reference [17]. The differential
equations and boundary conditions may then be solved
exactly, which involves considerable work, or they may be
discretized and solved numerically.

Since the objective of the present paper is to examine the
effects of the geometric imperfections on the vibrations of
axially compressed angle ply plates in a relatively straight-
forward manner, the boundary conditions at the edges y=0
and y=1 are taken to be simply supported so that wp=0,
wg,, =0and fp,, =0. Thus, one may assume:

wg (y) = ¢sin(nwy) (24)

where # is the number of half sine-waves from y=0to y=1
and ¢ is the amplitude of vibration mode normalized with
respect to the laminated plate thickness. Substituting wz (y)
into equations (16)-(18), one obtains:

J1(y) = &cicos(nmy)
S () = E(cy+mwcycos[(k—nmmy] + cycos[(k+ mymyl} (25)
S3(y) = &(c,,+mlcycos[(k~n)wyl +cscos[(k+n) wy])

where (¢, =0if Jn=kM),

¢, = —Cuyx(M,n)/C,+(M,n)

¢y = (—D)(In—kM)2/[AC x(J—M,k—n),

cy = (Jn+kM)2/[AC,(J—M,k+ n)]

¢y = (Jn+kM)?/[4C(J+M,k—n)],

cs = (—1)(Jn—kM)?/[4C *(J+ M, k+n)] (26)

It may be verified that the preceding analysis is valid for the
two special cases when n=k/2 and n=k.

Finally, substituting f, (), £,(), f3(»), and wy (¥) into the
linearized dynamic equilibrium equation (23) and again
applying the Galerkin procedure (multiplying both sides by
sin(nwy) and then integrating from y=0to y=1), one obtains
an explicit expression involving the frequency squared and the
applied inplane biaxial loads &, and &, in the form:

P + (M2, +n5,)/1%]=Cy* (M,n)
+[Cp* (M,n)2/C,* (M, )]
=@l Hyco)(c, + WCo* (J—M,k—n)
= [y + W2 — w2 [BM2A2) (A, H,)
+(8J2n%)(A I - (4cf12H2)(M2k2 +J%n?)
+(8JkMn) (¢35 Hj)
= (dc)) (e, + WP + kM) (H, )
+ (8JkMn) (¢, + W, Hycy)
— @) ey + W2 ([P —n)2 + K2 —M)2)(c, 1, Hy)
+ [Pk +n)2 + K2 — M) 2N L Hs) + [Pk —n)
+ kAT +M) 2\ (c dsHy) + [J2(k+n)?
+k*(J+ M) csIHs))
+8JK) (¢, + ) (T=M) [cy(k — ) (IHy)
+es(k+n) (THD]+ (T +M) [ealk—n) (I1Hy)
’ +es(k+n) (I Ho)]) @n

The definite integrals H,, H,, ..., H; are defined in the
Appendix. As a check on the analysis, when both the
frequency  and the imperfection amplitude p are set equal to
zero, the foregoing equation agrees with the buckling load
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expression obtained by Harris [20]. The buckling load for a
perfect (u=0) rectangular angle ply plateis (n=1if 5, =0),

Gy+ao,= (73){ Cr(M,n) +[Cy*(M,n) 2/Ca* (M,n)}} (28)
5 Results and Discussion

Due to the large number of parameters involved, it is not
practical to present a complete study on the effects of
parameter variations. Thus, example problems are selected
from typical graphite-epoxy angle ply laminated rectangular
plates [4, 5, 17] with (Eis chosen to be E,)-

El/E2=40, Glz/EZZO.S, V12=0.25, V21=V12(E2/E1)

(29)
where E, and E, are inplane Young’s moduli parallel and
perpendicular to the filament direction, respectively, »;, and
vy, are Poisson’s ratios, and G, is the shear modulus. The
aspect ratio a/b is chosen to be unity and simple support
boundary conditions at the four edges are enforced. Fur-
thermore, to investigate the effects of bending-stretching
coupling, laminated plates with even number of equal-
thickness layers N being N=2 and N =infinite are considered.
The angle ply plates are subjected to the possibility of two
inplane compressive.stresses and the initial geometric im-
perfections are taken to be sine waves in both the inplane x
and y directions (J=k=1; J=k=2; J=1,K=2; J=2,k=1
for no preload and J=k =1 for preload).

In the present example problem of square angle-ply plates
with uniaxial preload in the x direction, the optimum value of
the wave number n in the y direction that renders the
frequency a minimum (that is, the fundamental mode) is
found to be 1. For equal biaxial preload (that is, hydrostatic
inplane compression), the optimum value of axial wave
number m is found to be 1 for §<45 deg while the optimum
value of n in the y direction is 1 for §=45 deg (4 is the fiber
angle measured from the axial x direction). The optimum
wave numbers are found to be m=n=1 in both the uniaxial
and equal biaxial preload cases provided the preload is suf-
ficiently small or zero.

Figure 1(2) shows a graph of normalized fundamental
frequency w/w(f=p=0) versus normalized uniaxial preload
/0y, (0=p=0). The fundamental frequency and the
classical buckling load at #=0 and p= 0 are, respectively,

T2 U0=p=0)=[pb*/(ER*)]?w(0= pn=0)=18.805

0y, (6=p=0)=35.8307 (30)
Geometric imperfection amplitudes of 0, 0.5, and = 1.0 are
used for fiber angles of 0 deg and 90 deg. It can be seen that
imperfections may significantly raise the frequencies due to
initial curvature effects. For sufficiently small values of the
uniaxial preload g, the O deg and 90 deg curves coincide for a
fixed value of the imperfection amplitude. However, for
larger amount of uniaxial preload, there is a significant
decrease in the fundamental frequencies for the 90 deg curves
due to the influence of vibrational modes with higher axial
wave numbers. These higher modes do not correspond to
lower fundamental frequencies for the 0 deg curves because
the laminated plate for the 0 deg fiber angle is much stiffer
against bending in the axial x direction than those for the 90
deg fiber angle. For design purposes, taking into account the
possibility of the presence of geometric imperfections in the
order of the laminated plate thickness, it can be seen that the 0
deg configuration is stiffer than the 90 deg orientation both in
terms of vibration with uniaxial preload and buckling (note
that buckling occurs when Q@=0). Clearly, the number of
layers N will not affect either the 0 deg or 90 deg con-
figurations.

Figure 1(b) shows a graph of normalized frequency versus
normalized uniaxial preload for 6= 15 deg with various values
of imperfection amplitude and for the number of layers N
being 2 and infinite (N=4 curve is shown only for p=0).
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Again, the presence of geometric imperfections may result in
a significant increase in the vibration frequencies. The op-
timum value of the axial wave number m is found to be 1 for
all these curves. A larger rate of increase of the frequency (u is
fixed) due to uniaxial preload is found for N=2 (where the
effects of bending-stretching coupling is most pronounced)
than for N=infinity (which corresponds to the orthotropic
plate). '

Figure 1(c) is a plot of normalized frequency versus nor-
malized uniaxial preload for =75 deg with values of im-
perfection amplitude being 0, +0.5, and 1.0 for N=2 and
infinity. For a fixed value of the imperfection amplitude and
for a sufficiently small amount of uniaxial preload, these
curves for the 75 deg configuration coincide with those for the
15 deg orientation presented in Fig. 1(b). However, for larger
uniaxial preload, the presence of higher modes with larger
values of m is found to significantly reduce the vibration
frequencies. The optimum axial wave numbers m are shown
in the figure.

Similarly, Fig. 1(d) shows curves for §=45 deg. Although
the degrading effects of bending-stretching coupling (N=2) in
the vibration frequency for sufficiently small amount of
uniaxial preload is quite pronounced, these curves rise quite
rapidly for larger amount of uniaxial preload. Judging from
all the preceding figures, it may be observed that the buckling
loads (w=0) are not reduced due to the presence of initial
geometric imperfections (J=4k=1).

Summarizing Figs. 1(a)-(d), it may be said that for any
given inplane uniaxial preload, an increase in imperfection
amplitude causes increase in the fundamental frequency. This
is due to two factors: (@) the slight initial curvature due to
imperfection increases the stiffness, and (b) uniaxial preload
causes additional curvature.

Figures 2(a)-(c) present results for the case of equal biaxial
stress (o, =0,) showing the effects of preload on the fun-
damental frequency for various values of imperfection
amplitude p being 0, +£0.5, and +1.0. The previously used
values of w(@=pu=0) and ay, (6=p=0) are again used as
normalizing factors. Figure 2(a) shows curves for the case of 0
deg and 90 deg orientations. Unlike the case of 0 deg orien-
tation for the uniaxial preload as shown in Fig. 1(@), none of
the curves for lowest wave numbers (m=n-=1) is applicable
for very large equal biaxial preload (that is, all the curves
eventually drop) due to the dominance of vibration modes
with higher wave numbers. The optimum wave number m is
always 1 and the optimum value of # is shown in the figure for
the 0 deg orientation. Due to symmetry consideration for
square plates in equal biaxial loading, the curves for the 90
deg orientation are identical to that for the 0 deg con-
figuration (for a fixed value of the imperfection amplitude)
provided that the optimum values for m and n are in-
terchanged. The number of layers do not affect the 0 deg nor
the 90 deg configurations.

Figure 2(b) gives data in the cases of 15 deg and 75 deg
configurations. Due to symmetry, unlike the uniaxial preload
case (5, =0) of Figs. 1(b) and (c), the 15 deg and 75 deg curves
coincide even for large values of the equal biaxial preload.
Again, small imperfections are shown to have a pronounced
effect on raising the vibration frequencies. In general, care
should be taken not to apply excessively large inplane com-
pressive preload (say twice the buckling load) in order to
avoid numerical inaccuracies in the previbration defor-
mations.

For brevity, the plot for §=45 deg will not be presented.
For 6=45 deg, the optimum wave numbers are found to be
m=n=1for a/b=1in all these curves. Again, the presence of
small imperfections may significantly raise the vibration
frequencies. It should be noted that these curves are identical
to that presented in Fig. 1(d) for uniaxial preload (5, =0)
except that the compressive preload axis is shrunk by a factor
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Fig. 1(a) Normalized fundamental frequency versus normalized
uniaxial preload for imperfect angle ply plates (¢=0 deg and 90 deg,
J=k=1)

W/ (©=p=0)

©=15°, 5y=0, J=k=M=n=|
INFINITE
------- TWO LAYERS

20r

%

0] 2 4 6 -8 Gy
B 6=1=0)
Fig. 1(b) Normalized fundamental frequency versus normalized

uniaxial preload for imperfect angle ply plates (¢ = 15 deg, J=k = 1)

of 2. Thus, the fréquency increase due to imperfections
becomes more important for a given value of preload in the
equal biaxial case.
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Fig. 1(c) Normalized fundamental frequency versus normalized
uniaxial preload for imperfect angle ply plates (§ =75deg, J =k =1)
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Fig. 1(d) Normalized fundamental frequency versus normalized
uniaxial preload for imperfect angle ply plates (# =45 deg, J=k=1)

Fig. 1

Figure (3a) depicts normalized frequency versus fiber angle
6 for simply supported square angle ply laminated plates with
various values of imperfection amplitudes and imperfection
wave numbers (u=0, 0.5, and *£1.0 for J=k=1and u=0
and +1.0 for J=k=2) and number of layers (N=2 and
N=infinity), in the important special case of no inplane
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Fig. 2(a) Normalized fundamental frequency versus normalized equal
biaxial preload for imperfect angle ply plates (¢=0 deg and 90 deg,
J=k=1)

Fig.

preload. Due to symmetry, the curves for the ¢ and 90 deg-6
configurations coincide. For orthotropic plates (N=infinity)
with imperfection wave numbers J=k =1, it can be seen that
the effects of geometric imperfection on raising the fun-
damental frequencies. are more pronounced for fiber
orientations approximately parallel to the edges (0 =0 deg and
90 deg) than for the diagonal orientations (§=~45 deg). The
same conclusion is also applicable to two-layer plates with
J=k=1. On the other hand, the effects of imperfections of
the type J=k =2 on raising the fundamental frequencies are
more pronounced for fiber orientations 6 between 15 deg and
30 deg than for the remaining range of 4, both in the case of
N=infinity and N=2. The reduction of the frequencies due to
the bending-stretching coupling effects can be seen by
comparing the N=infinity and N=2 curves.

Finally, the normalized frequency versus fiber angle 6 for
the other two types of geometric imperfections (0=0, +1.0
for /=1, k=2 and J=2, k=1) are presented in Fig. 3(). For
a given number of layers, the effects of geometric im-
perfections of the type J=1, k=2 in raising the fundamental
frequencies are more pronounced in the 0 deg <6< 25 deg
range than in the 25 deg < #=<45 deg range. On the other hand,
the increases in fundamental frequencies dueto the J=2, k=1
type of geometric imperfections are more pronounced in the
20 deg<f<35 deg than in the 0 deg=6=25 deg and 35
deg < §=<45 deg ranges. Due to symmetry, the curves for the ¢
configuration with J=1, k=2 are identical to those for the 90
deg-0 configuration with J=2, k=1. As a check, all the
curves in Figs. 3(a) and (b) have zero slope at #=0 deg and
0=45 deg. These curves agree with the plotted values in Figs.
1(@)-(d) and 2(a)-(c) in the special case of no preload
U=k=1).
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Fig. 2(b) Normalized fundamental frequency versus normalized equal
biaxial preload for imperfect angle ply plates (6 =15 deg and 75 deg,
J=k=1)

2

6 Concluding Remarks

The effects of geometric imperfections on vibrations of
simply supported angle-ply plates in the cases of uniaxial or
equal biaxial preload are analyzed. It is found that significant
increases in the fundamental frequencies typically occur for
geometric imperfection amplitudes of the order of the
laminated plate thickness. In the case of uniaxial preload, the
increase of frequency due to the geometric imperfection of the
type J=k=1 is much more pronounced for smaller fiber
angles (e.g., #=0 deg and 6=15 deg) than for larger angles
(e.g., 6=175 deg and 90 deg) due to the fact that the vibration
modes with larger axial wave numbers m correspond to higher
(i.e., nonfundamental) frequencies for small fiber angles. For
equal biaxial preload, the similar effects of geometric im-
perfections (J=4k=1) in raising the fundamental frequencies
are again detected. The vibration modes with larger wave
numbers may correspond to the lowest (i.e., fundamental)
frequencies for both large and small fiber angles, but not at or
near the 6=45 deg configurations. The influence of various
types of geometric imperfections (J=k=1, J=k=2,
J=1,k=2, and J=2,k=1) on the fundamental frequencies
for all fiber angles with no preload have been examined.
Extensions of this work to laminated cylindrical panels and
laminated cylindrical shells are in progress.
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APPENDIX
Definite Integrals
The functions I{ )and H( ) are defined to be,
alb 3
KX )=(b/a>§0 ( )dx,  H( )=S0< )dy (A1-A2)
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and the definite integrals Iy, 1|, I,,. . ., [, are, Iy = Isin(Mmx)cos(Jrx)sin[(J — M) nx]]
I, = Ifsin(Mzx)sin[(J— M) nx]] =—1/4 if 2M=J; 0 otherwise
=1/2 if 2M=J; 0 otherwise I; = I[sin(Mrmx)cos(Jax)sin[(J+ M) nx]}=1/4 (A3-A410)
1, = I[sin’ (Mwx)cos(2J7x)] The definite integrals H; is defined to be I; (where i=0, 1,
=—1/4 if M=J: 0 otherwise 2,...7) by replacing J and M by k and n, respectively. For
§ * example,

I, = Isin*(Mnx)cos(Jrx)]
=—1/4 if 2M=J; 0 otherwise
I, = Isin(Mmx)cos(Mnx)sin(Jx)] '
=1/4 if 2M=J; 0 otherwise

H, = Hfsin(nmy)sin[(k—n)ny]]
=1/2 if 2n=k; 0 otherwise
H, = Hsin?*(nmy)cos(2kny)]

) =—1/4 if n=k; 0 otherwise (A11-A12)
I, = IIsin(M=x)sin(Jxx)cos[(J—M)nx]] . | ; LH ol Ho=1
= i = ; t can be easily verified that Hy=1,, H,=I,,H,=1,, H,
=172 if M=J; 0 otherwise —I,,H,=1,, Hy=1I;, Ho=I, and H,=I, provided the
I = [[sin(Mrx)sin(Jmx)cos[(J+ M) nx]}= —1/4 foregoing substitutions are carried out.
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